Thanks to multi-spacecraft mission, it has recently been possible to directly estimate the current density in space plasmas, by using magnetic field time series from four satellites flying in a quasi perfect tetrahedron configuration.
Introduction
High resolution magnetic and plasma data in the interplanetary space have opened an important debate on the physical processes occurring between proton and electron scales. Indeed, spacecraft observations have revealed a steepening of the magnetic field power spectral density at scales at which the magnetohydrodynamics approximations are no longer valid, suggesting the presence of a small-scale turbulent cascade of magnetic energy (Leamon et al., 1998; Bale et al., 2005; Sahraoui et al., 2009; Alexandrova et al., 2008 Alexandrova et al., , 2009 Sahraoui et al., 2010) . This change of regime has been observed to occur at the proton gyroradius ρ p = v th,p /Ω p (v th,p is the proton thermal speed and Ω p the proton gyrofrequency) or at the proton skin depth λ p = c/ω p (c is the speed of light and ω p the proton plasma frequency).
In addition to the spectral properties, it has been found that the plasma is characterized by magnetic discontinuities at proton scales and sub-proton scales both in the pristine solar wind (Perri et al., 2012; Greco et al., 2016) and in the near Earth environment Sundkvist et al., 2007) . These evidences have raised the question about the role played by 2 magnetic field discontinuities and current-sheet like structures in the magnetic energy dissipation. The general picture emerging from the analysis of high frequency spacecraft data is the coexistence of oblique propagating Kinetic Alfvén Waves and zero-frequency coherent structures, namely current sheets-like structures (Roberts et al., 2015; Perschke et al., 2016) . On the other hand, three dimensional numerical simulations have pointed out the emergence of current sheets over a broad range of scales (up to electron scales) as a consequence of the development of magnetic turbulence; these are sites of high concentration of current density, energy dissipation, and plasma heating (Karimabadi et al., 2013; Wan et al., 2015) . One of the possible processes responsible for this local energy dissipation is magnetic reconnection, a change in the topology of the magnetic field leading to a conversion of magnetic energy into heat, particle acceleration, and non-thermal effects (Servidio et al., 2012; Valentini et al., 2014) . Using high cadence measurements from the Magnetospheric Multiscale (MMS) mission, it has recently been possible to study in details electron scale magnetic reconnection and detect evidence of magnetic energy conversion into particle energy, electron currents, energy dissipation, and electron flows (Burch et al., 2016; Ergun et al., 2016; Yordanova et al., 2016; Fu et al., 2017) . Owing to sub-proton interspacecraft separations (i.e., minimum average distance ∼ 10 km), MMS offers the best condition for the estimation of the current density applying the curlometer method (Dunlop et al., 1988 (Dunlop et al., , 2002 . This technique was already applied to Cluster data during periods of inter-spacecraft separation of ∼ 200 km (Fu et al., 2012) . Additionally, MMS measures three-dimensional plasma distributions with unprecedent time resolution, i.e., 3 150 ms for ions and 30 ms for electrons. Thus, high resolution current density can be derived from plasma moments as J mom = qn(V i − V e ), where q is the electric charge, n = n e = n i is the plasma density, and V i , V e are the ion and electron bulk speed, respectively (Graham et al., 2016) . The consistency between the current computed from multi-spacecraft and derived from the moments is generally satisfactory except for regions where structures at scales below the spacecraft separation are present (Burch et al., 2016; Graham et al., 2016) .
In this paper, in order to explore the limit of validity of the multispacecraft approach, we apply the curlometer technique to a synthetic model of stationary turbulence Pucci et al., 2016) where four virtual spacecraft are allowed to fly forming a perfect tetrahedron with adjustable inter-spacecraft separation. We discuss the implications for possible future single-spacecraft missions in the estimation of the current density, which is of pivotal relevance in the study of plasma turbulence and dissipation.
The curlometer technique
The curlometer technique has widely been used in recent years thanks to multi-spacecraft missions. It is based on the the Maxwell-Ampère's law µ 0 J = ∇ × B evaluated in the centre of a perfect tetrahedron formed by four satellites (see Fig. 1 in Dunlop et al. (1988) ). Since this method is well known, here just a brief overview is given. Starting from the ideal aforementioned configuration, one can estimate the current density in the direction normal to each face of the tetrahedron. Under the assumption that the mag-netic field does not change abruptly over the inter-spacecraft separation, that is it varies linearly and the current density is roughly constant over the entire volume of the tetrahedron, one can write (Grimald et al., 2012) 
where i, j, k are index running over the satellites, so that J ijk is the current density normal to the face delimited by spacecraft i, j, k. ∆B ik = B i − B k and ∆r ik = r i − r k are the magnetic field and the position difference between spacecraft i and k, respectively. Both the magnetic field data and the spacecraft positions are in Cartesian coordinates and an average current density in the tetrahedron, J curl , can be derived by projecting each current vector normal to three faces into Cartesian coordinates. Because of the assumption of slow variation of the magnetic field, it is clear that the curlometer can be applied only when spacecraft are close enough to avoid sudden variation in the field inside the tetrahedron volume. This tends to limit the goodness of the estimation of the current density via this method. To estimate the accuracy of the technique, one can evaluate ∇ · B, so that non-zero values are due to non-linear gradients in the magnetic field in the tetrahedron. Following, Dunlop et al. (1988) ; Grimald et al. (2012) we compute
and in particular we calculate the adimensional quality factor
so that Q ≪ 1 indicates very good estimation of the current density via the curlometer.
5
3. Application to synthetic data sets
Numerical setup
In order to test the limit of validity of the curlometer, we make use of a recently developed synthetic model of three-dimensional, static turbulence that reproduces the main characteristics of space plasma turbulence Pucci et al., 2016) . The model mimics the turbulent cascade of energy from larger to smaller scales, and is based on an algorithm that allows to reproduce large spectral width and tunable spectral and intermittency properties, with very small computational requirements.
A detailed description of the model can be found in , and a demonstration of its use can be found in (Pucci et al., 2016) . 
where the fluctuations are determined following the above rules.
For the present work, the number of scales used in the model was N s = 2 22 , allowing to have about six decades of spectral width. The largest scale chosen is equal to the typical correlation length at 1 AU, namely L ∼ 5 × 10 6 km (Horbury et al., 1996) , so that any spatial scale in the model is expressed in terms of L. The model was further modified as to allow the presence of a spectral break, i.e. two spectral indexes α 1 and α 2 7 are assigned above and below a given scale ℓ break = 122 km. The two spectral indexes are chosen as to reproduce the double-scaling law observed in solar wind magnetic spectra, i.e.: α 1 = 5/3 and α 2 = 2.1 (Alexandrova et al., 2009 ). The level of intermittency was set to p = 0.7 in the large-scale range and to p = 0.5 in the small-scale range. An example of the spectrum of the B x component is shown in Figure 1 , where two power law ranges, one at large scales following a Kolmogorov-like scaling and one at smaller scales having α 2 ∼ −2, are well resolved, as indicated by the thick dashed lines. Notice that since the form of the magnetic field B(r) is analytically defined (see equation (4)), it is possible to exactly calculate the corresponding current density through the relation J = ∇ × B/µ 0 .
Estimation of the current density
In this 3D turbulent field, it is possible to extract magnetic field time In order to compare the scales chosen for the estimation of J with physical scales, we arbitrarily consider to be immersed in a medium with average density of n ∼ 10cm −3 , that is a typical value in the solar wind (see Alexandrova et al. (2009) ). In such a plasma, the electron inertial length is about 2 km, close to the minimum distance chosen in our study for the artificial spacecraft.
Notice that our model is purely magnetic and no plasma information can be derived. km both in the bursty and in the quiet period. As expected, when strong gradient of the magnetic field are present, the curlometer technique fails because B does not change linearly across the tetrahedron. However, even using very short inter-spacecraft distances (i.e., d = 2 km, which in typical solar wind conditions is close to the electron scales) the curlometer technique tends to underestimate the actual current density value. Besides a comparison between the magnitudes of the current densities, we have also evaluated the degree of alignment between J sim and the estimation of the current from the curlometer by computing
namely the angle between the current density vector calculated exactly and the current density vector from the curlometer. A close-up of θ(r) is shown in Figure 3 , where different colours refer to calculation of eq. (5) 
• (slightly higher values obtained for the "bursty" period). The higher the relative satellite distance, the bigger the deviation from alignment with the exact current density is found. These results highlight the limitations of multi-spacecraft technique in this kind of study.
As stated in Section 2, the quantitative evaluation on the goodness of the current density estimation has been done via the quality factor Q (see equation 3), which is reported in Fig.4 for the three satellite separations. It can be noted that frequently Q ≫ 1 appear both in bursty and quiet periods for all the three values of d. Large amplitude spikes are associated to points of almost vanishing current density (see Fig. 2 ) and ∇·B > 0, in such regions Q is not well determined. Thus, up to d = 2 km inter-spacecraft separation, the evaluation of the current density in several intervals can be poor. It is important to mention that recently, Fu et al. (2015) investigated the limit of the quality factor computation in 3D kinetic simulations as a function of the separation among four virtual spacecraft.
They also proposes an alternative method for testing the goodness of the reconstruction of a magnetic field topology (i.e., ∇ · B evaluation).
We have additionally estimated a relative error defined as Err J ≡ |J curl − J sim |/J sim during the intervals in Fig. 2 , where indicates spatial average.
We obtained Err J d=2km = 0.52, Err J d=10km = 0.69, and Err J d=80km = 0.82 in the bursty period (very similar value were also found for the almost quiet interval). Of course, the relative error increases on average with the inter-spacecraft separation.
Furthermore, we compare the exact current density estimation along a trajectory in the simulation domain at two spatial resolutions: ∆s = 0.1 km (black line in Fig. 5 ) and ∆s = 2.5 km (red line in Fig. 5 ). Assuming a typical solar wind speed of V sw ∼ 500 km/s, the latter spatial lag corresponds to a time scale ∆t = ∆s/V sw = 5 ms, which is the expected time resolution for the electron moments detection for the Turbulent Heating ObserveR (THOR) mission. As stated above, the exact estimation of the current density can be made via the measurements of plasma moments. 
Discussions and perspectives
The analysis performed on time/spatial series of magnetic field data from a synthetic turbulence model has pointed out that the evaluation of the current density via multi-spacecraft technique, as the curlometer, leads to frequent underestimations of this quantity, even in the presence of a relative small inter-spacecraft distance. This occurs because of the generation of sharp discontinuities and structures towards small scales, as also has revealed a failure of the curlometer in the J estimation during some time intervals close to diffusion regions (Graham et al., 2016; Ergun et al., 2016) .
Our study on synthetic data clearly shows this limit of the multi-points technique, since we would need four satellites with unrealistic (electron and sub-electron scales) minimum separation to get a good estimation of J, owing to the presence of very narrow discontinuities in the magnetic field at small scales, possibly generated as the effect of the turbulent cascade. It is important to stress that the degree of deviation of the curlometer estimation from the exact J value depends on the occurrence of large amplitude gradients in the synthetic model. However, we do not want to compare directly our synthetic magnetic fluctuations with real magnetic data, but just to investigate and be predictive about the limit of this technique when a cluster of spacecraft crosses regions of sharp gradients in space plasmas even with a very short inter-satellite separation. It has been observed that in some space plasma regions the underestimation of the current density via the curlometer can be less dramatic (see Figure 3 in Graham et al. (2016) ). 
